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1. 
Let IP” be projective n-space over an algebraically closed field k. Let 8 be 
a vector bundle on P”. If S = k[X,, X,,...,X,,], then the S-modules H’,(B) 
(by definition equal to OmGZ H’(lP”, a(m))) are graded S-modules, and they 
are of finite length if i # 0, it. Horrocks [8] has studied the connection 
between these modules of finite length and the stable equivalence class of the 
bundle 8. Here we wish to study the situation in P3 when B is a vector 
bundle of rank two. We will show some necessary conditions that the 
cohomology modules of rank two bundles on P3 must satisfy. Let 
M = H:(8), where &Y is a rank two bundle on lP3, and let L, + L, + M -+ 0 
be a minimal presentation of M by free S-modules. Our conditions are that 
rank L, = 2 rank L, + 2, and that L ;” N L,(-c,), where c, is the first Chern 
class of Z’. It turns out that the monad of B (see [ 11) arises out of the 
presentation of the module M. With such stringent conditions required, it is 
clear that most modules of finite length do not arise as cohomology modules 
of rank two bundles. This in turn implies that most liaison equivalence 
classes of curves in P3 do not contain curves which are zero schemes of 
sections of rank two bundles (see [lo]). On the other hand, in a fixed liaison 
class, we may ask: what are all the rank two bundles which give curves in 
that liaison class? The question translates into the following: given a module 
of finite length, M, what are all the rank two bundles ?Y such that 
M1: H:(8). We find that the stable B’s form an irreducible family of 
bundles with the same Chern classes, and that stability is really a property of 
the module M, so that if one bundle with module M is stable, then so is 
every other bundle. An approach to the problem of classifying rank two 
bundles on P3 would be to classify their cohomology modules first. Unfor- 
tunately, our necessary conditions are not sufficient. They are sufficient in 
the case of modules M with only one generator, and we describe the bundles 
that we get. We provide some additional examples, and describe a situation 
where the conditions we obtain are insufficient. 
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Let 8 be a vector bundle on ip”. Then E = Hi(B) is a reflexive module of 
projective dimension <n - 1 and Hi(Z) N Ext&!?“, S) for i < n [8, 5.11. We 
will be using the Serre duality theorem in the following form: 
K”,-‘(ci?‘“) 1: Ext;+‘(H!+.@), S) for 0 < i < n [S, 5.21. 
Before treating the case of Ip3, we will first look at the case of rank two 
bundles on ip’. 
PROPOSITION 1.1. Let M be a module of finite length over 
S = k[X,, , X, , X,] with minimal free resolution 
There exists a rank two bundle 8 on Ip2 with Hi.8) 1: M if and only ifrank 
L, = rank L, + 2, and then B is determined up to isomorphism as the 
sheafified kernel a. 
Proof: If rank L, = rank L, + 2, then (ker a) is a rank two bundle B 
since I@ = 0, and clearly Hf+@) N h4. Conversely if B is a rank two bundle 
with Hi(Z) 44, let E” have minimal resolution 
O+P,V-,P~+E”-+O, 
which dualises to give 
O+E-+P,+P,+M-,O. 
Comparing this with the minimal resolution for M, since P, + P, is minimal, 
we obtain EN ker a @ free module. Since B has rank two, the free summand 
is nonzero if and only if 8’ is a sum of line bundles and M = 0. So E 2: ker a, 
and B N (ker a)*, and hence also rank L, = rank L, + 2. 
PROPOSITION 1.2. For each integer n, there is a rank two bundle B on 
ip2 whose cohomology module has n minimal generators. 
Proof: For n = 1, we choose M = k. The Koszul complex for k satisfies 
the condition of Proposition 1.1. Suppose now Z is a rank two bundle and 
Hf(8) has n minimal generators. For p % 0, the general section of 
(8” 63 b,)(p) is nowhere vanishing on Ip2, giving a rank two bundle ST, in 
the sequence 
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The cohomology of this sequence gives 
where K = cokernel(HO,(B @ en) + HO,@(g))). Since the exact sequence is 
not split in general, K has one generator in degree -p. Since p B 0, this will 
also give a minimal generator of Hi(R), and hence H!+(R) has n + 1 
minimal generators. 
COROLLARY 1.3. The modules of finite length arising from rank two 
bundles on Ip2 are precisely those modules of fmite length with the least 
possible number of relations among their minimal generators. 
ProoJ We have shown that among modules of finite length with n 
minimal generators, there do exist modules with n + 2 minimal relations. It 
is not possible for a module of finite length to have less than n + 2 minimal 
relations, for consider the minimal presentation L 1 3 L, + M+ 0. On 
sheatifying, since a = 0, we get 
Since A4 = Hi((ker a)-), the vector bundle (ker a)” cannot be a line bundle 
or zero if M # 0. Hence rank L, is at least n + 2. 
2. 
Let $7 be a rank two bundle on P3 with first Chern class cr. Then 
8” N_ &Y-c,). Let E = HO,(S), M= H:(8). Let M have a minimal free 
resolution over S = k[X,, X, , X2, X3] : 
where rank L, = t and rank L, = s. t is the number of minimal generators for 
A4 and s is the number of minimal relations among them. Let 
G = ker(L, + L,), and let Y = 6, the sheafification of G. 
PROPOSITION 2.1. s < 2t + 2 and 8 is obtained from a sequence 
where $9 is a sum of 2t + 2 - s line bundles. 
Proof: We go through the monad construction of Horrocks [ 11. Since 
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M= Ext$??‘, S) and Horn@,, M) = MO Ly, the map L,* A4 in (1) gives 
an element of Extk(E”, Lx), i.e., 
O+L,V+F+E”+O. (2) 
On dualising (2), since L, + A4 is surjective, we get Exth(F, S) = 0, and so F 
is reflexive. Hence F has a minimal free resolution of length two: 
O+P,+P,+P,+F+O. (3) 
Dualise this and we get 
O-+F”+P;-,P~+P,V+Ext~(F,S)-,O. (4) 
Since Exti(F, S) = Exti(E”, S) = Hi(B) = Ext$t4, S)(c,), comparing (4) 
with the dual of (1) tells us that F” = G”(c,) @ a free module, since (1) is 
minimal. Hence we get the claimed sequence, and clearly rank P = s - t < 
rank B + rank Ly(c,) = t + 2. 
PROPOSITION 2.2. s = 2t + 2, and 8’ is obtained from a sequence 
0 + L”&) + .v -+ B + 0. 
ProoJ We will use the following lemma: 
LEMMA. Let Y be a locally Cohen-Macaulay curve in Ip3. Let 
M(Y) = H?+ (S;) and let ~(0~) = I-I$(@y). If M( Y) has t minimal generators 
as an S-module, then y(&) has t + 1 minimal generators. 
Observe that M(Y) = y(&)/S( Y), w h ere S(Y) is the homogeneous coor- 
dinate ring of Y, hence the point is to show that 1 E S(Y) is a minimal 
generator in ~(8,). Suppose not, and let 1 = J’/ aisi, where si are elements of 
~(8~) in negative degrees, and ai are homogeneous polynomials of degree at 
least one. Let Z be an integral subscheme of Y, giving @+F”, + 0. Under 
this map, 1 E ~(0~) maps to 1 E y(F$.). But since Z is integral, y(Fp,) is zero 
in negative degrees (H’(Z, @!(-n)) = 0 for n > 0). Hence si + 0, and hence 
1 -+ 0, which is contradictory. Thus the lemma. 
Now suppose that s < 2t + 2, and express the sequence for B as 
0 --f L;(c,) -+ F 0 q-j-) -+ 8 + 0. (5) 
$(-f) gives a section s in a(f). We claim that the zero scheme of s is a 
curve Y in P3. For if s = gs, for some homogeneous polynomial g and 
section s, of a(J,), since we have G’ @ S(-f) -+ E + 0, there is g’ E G’ that 
maps to sl. Then (gg’, -1) is in the image of Ly(c,) which means that the 
map I$(c,) + G’ @ S(--) is not minimal, with a copy of S(-f) splitting off. 
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Hence on dualising the sequence (5) after splitting off S(-f), we get, at the 
level of global sections, a presentation for A4 that provides A4 with just t - 1 
generators. This contradicts our assumption that A4 has t minimal 
generators. 
Since the zero scheme Y of the section s is a curve, 4;(d), for d = c, +f, 
has the resolution 
0 -+ Op(-f) 4 8 + q,(d) + 0, (6) 
hence also 
0 --+ @p(-f) @z;<c,> -+ .Y’ 0 a,(-f) + 4;(d) + 0, 
which splits off&(-f) to give 
Dualising (7), we get 
(7) 
0 -+ F”,(-d) + L%‘” + L,(-c,) -+ “*(4 - d) + 0. 
But now oy N &(d’) for some d’ since Y is the zero scheme of s, and 
Hi(.F’“) = H~(LF’) = 0, hence the global sections of this last sequence give 
a presentation for y(&) with only t generators. But M(Y) is the same as A4 
up to grading by (6), and so we have a contradiction of the lemma. 
COROLLARY 2.3. The module L, must satisfy the symmetry 
L; N L,(-c,). 
ProoJ Since F = G(-c,), the dual of the sequence (2) gives 
O+E+G”(c,)+L,+M+O. 
Since Ly(c,) surjects onto G”(c,), we get the presentation 
LY(c,) -+ L, + M+ 0. 
Comparing this with the minimal resolution (l), we get the result. 
COROLLARY 2.4. Suppose M is the j?rst cohomology module of a rank 
two bundle on ip3. Then all rank two bundles that have M as their 
cohomology module have the same Chern classes c, and c2. 
Proof: The module A4 determines L,, L, and .!? up to isomorphism. c, is 
then uniquely determined by the requirement that Ly N L,(-c,). The second 
Chern class c2 can now be calculated from the sequence of Proposition 2.2. 
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COROLLARY 2.5. Let Z and Z’ be two rank two bundles on Ip3 with 
II~(&f) = IIt =M. Then h”(iP3, Z(Z)) = h0(lP3, a’(l)) for all integers 1. 
In particular, B is stable if and only if Z”’ is stable. 
Proof. From the sequence of Proposition 2.2 for 8, we get h0(lP3, 
a(f)) = h”(lP3, Y(Z)) - h”(lP3, L”y(c, + I)). Since 8’ is given by a similar 
sequence with the same c,, we have the same for h”(lP3, a’(l)). Recall that B 
is called stable if H”(lP3, a(4)) = 0 for any integer I> c,/2. Hence the 
second claim. 
Stable bundles of rank two on ip3 with fixed Chern classes c, and c, can 
be parametrised by a coarse moduli space d(ci, cz), after the work of 
Maruyama [9]. Suppose M is a graded module of finite length which is the 
first cohomology module of a stable rank two bundle B on ip3. Then all 
other rank two bundles with the same cohomology module M have the same 
Chern classes and are also stable. Hence they form a subset of .,.@(ci, c,), 
where c, and c2 are the Chern classes of 8. 
PROPOSITION 2.6. If M is the cohomology module of a stable rank two 
bundle on Ip 3 with Chern classes c1 and c2, then there is an irreducible subset 
of A(c, , c2) that parametrises those rank two bundles with first cohomology 
module isomorphic to M. 
Proof. Every rank two bundle on Ip3 with first cohomology module 
isomorphic to M is the cokernel of a map zl(ci) -+ Y?, which is injective as a 
map of bundles. If V is the vector space Hom(zl(c,), 5) and there exists 
one map in V which is injective as a map of bundles, then there is a 
nonempty Zariski open subset U in V consisting of all the maps which are 
injective as a map of bundles. Let p and q be the first and second projections 
from Ip3 Xk U. On the product, we have a universal mapp*(Li(c,)) -p*(F) 
whose cokernel is locally free of rank two, where on each fibre of q, the map 
is just given by that element of U. The set we are looking for is the quotient 
of U under the action of Aut(L”i(c,)) x Aut (Y). We may avoid studying 
this when the bundles are stable by using the existence of the coarse moduli 
space A(c,, c,). In this case, since there is a bundle on Ip’ xk U whose 
restriction to each fibre of q is stable with Chern classes c, and c,, we have a 
morphism f: U +A(c,, cz). Since U is irreducible, the image of f is an 
irreducible algebraic set, and this set parametrises the rank two bundles with 
cohomology module isomorphic to M. 
3. 
We will look at some examples of cohomology modules of rank two 
bundles on Ip3. We will retain the notation of the preceding article. For M to 
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be the cohomology module of a rank two bundle, we found that M must 
satisfy s = 2t + 2, and L y N L,(-c,), for some c,. These conditions are 
sufficient when t = 1, i.e., A4 has just one generator. 
PROPOSITION 3.1. Let M be a graded S-module offinite length with one 
generator. Then M is the cohomology module of a rank two bundle B on Ip3 
if and only ifs = 4 (i.e., M is a “complete intersection” module) andjior some 
integer c,, L y N L,(-c,) (in which case c, = ~~(8’)). 
ProoJ Let the minimal presentation of M be 
& S(bi) s S(a) + M --) 0, 
i=l 
whereI= [.f,,f2,f3,f41, and f rom the assumed symmetry we may suppose 
that c, -b, = b, and c, -b, = b,. The section (f2, -f,, f,, -f3) of 
@4=, @,(b, - c, + a) is killed by the map f to @a - c, + a). So it is a 
section of F(a - c,), and it is nowhere vanishing since f,, f2, f3, f, is a 
regular sequence. We thus get a rank two bundle by quotienting out this 
section and we have 
Then Hi(B) = Hi(Z) = M, and cl(a) = c,. 
Remark 3.2. We can determine when the bundles obtained in the last 
proposition are stable. For we may suppose that after a shift in grading in 
M, ci is 0 or -1. Then g is not stable if B has a global section. If c, = 0, 
since -b, = b, and -b, = b,, at least two of the b’s are non-negative. If 
c, = -1, since -1 -b, =b, and -1 - 6, =b4, at least two of the b’s are 
positive. Let b, and 6, be the largest among them. From the Koszul complex 
for M, we see that F(a - 6, - b3) is the lowest twist of 59 acquiring a global 
section. This will give a section of Z(a - b, - b3) unless a - b, - b, = a - c, 
and the section of F(a - b, - b3) is precisely the section quotiented out to 
give 8. But b, + b, = c, can happen only if c, = bi = 0, for all i, in which 
case H”(lp3, F(a)) is six dimensional. So we always get a global section for 
a(a - b, - b3). The condition for 8 to be stable is that a - b, - b, be 
positive, hence that a - bi - bj be positive for all distinct pairs (i, j). 
For example, S/(X:, Xi, X: , Xi) gives stable bundles, for when we make 
ci = 0, we get b, = b, = 1, b, = b, = -1, and a = 3. But S/(X;, Xy, X:, Xi) 
gives unstable bundles, for when we make c, = 0, we get b, = 6, = 3, 
b, = b, = -6, and a = 5. 
Regardless of the stability of the bundles, we may parametrise them by an 
open subset of a projective space. For recall from Proposition 2.6 that we 
need to study the orbit space of Hom(zl(c,), 5Y) under the action of 
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Aut(El(c,)) x Aut(y). Since here L,, is free on one generator, the first factor 
is k*. An element of Aut(P) gives an automorphism of G”, and hence by 
lifting this to the sequence 
o-t+&+ & S(-&)+G”+O, 
i=l 
we get a commuting diagram 
s(-U) tV. 0 S(-6,) 
A 
I I 
(9 
St-a> 20 S(4+) 
where I is a nonzero scalar. Hence it is clear that v, must also be the scalar 
map A. Hence Aut(Z) = k* as well. Thus the orbit space is just 
Wom(~i(c,), y)), and the image of U is an open subset of this projective 
space. 
These bundles are well known and have been used in [ 1,3,6] to construct 
large rational families of bundles. 
EXAMPLE 3.3. Ferrand [4] has a method of constructing rank two 
bundles on P3 as follows. Let X be a curve in P3 that is locally a complete 
intersection. Suppose that 4; is the kernel of a surjection 7, + o,(n) + 0, 
for some n. Then Y is the zero scheme of a section of a rank two bundle. 
Let X be the complete intersection of two surfaces with equations h, and 
h, , of degrees e, and e2, with e, + e, = e. If we apply Ferrand’s construction 
to X, we get a commuting diagram 
o-+2$+ s;, - 4n) -0 
I 
& @f(-ei) (gl, 
I 
&(e - 4 + n) 
i=l 
I I 
I 
44-e) - & &(ei :i*Z i) 
i=l 
where g, , g, is some lifting. Taking H$( - ) of this diagram, since 
M(Y) = cokernel (HO, (TX,) + H$ (w*(n))), we get from the mapping cone, 
& S(-e,) @ & S(ei - 4 + n) [g1’g2’--h2’h’1 + S(e - 4 + n) + M(Y) -+ 0, 
i=l i=l 
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provided that Z(Y) does not contain a generator of Z(X) (i.e., provided that Y 
is not itself a complete intersection). If 8’ is the rank two bundle 
corresponding to Y (with first Chern class c,), since M(Y) = &+(8)(-c,), we 
see that Ferrand’s construction on a complete intersection gives a bundle 
whose module has one generator. 
Conversely, every module in Proposition 3.1 can be obtained by Ferrand’s 
construction. For with the notation of (3.1), consider the curve X given by 
the intersection of the surfaces with equations f, and f4 and degrees a - b, 
and a - b,. If n = b, - b, = b, - b,, we have a commuting diagram 
S(b, - a) @ S(b, - a) a S(n) 
Lf2f41 
V 
I 
1 -fzf*l 
1 -f,J31 v 
I 
S(b, + b, - 2a) -S(n - a + b,) @ S(n - a + b4) . 
This induces a surjection 3X -+ o,(n)+ 0. Clearly the module of the 
corresponding bundle is just S/(f, , fi, f3, f,) upto grading. 
EXAMPLE 3.4. We can obtain bundles B on ip3 whose module is a 
special type with one generator as follows. Let X in ip4 be the complete inter- 
section of hypersurfaces f,, f2, f3, where f, = Xi +p, X4 + q1 is a quadric, 
and f2 and f, (of degrees a2 and as, both greater than one) are written (using 
fl to change them) f2 =p2X4 + q2, f3 =p3X4 + q3. Assume that projection to 
Ip3 from a general point, taken to be (0, 0, 0, 0, l), gives an image Y in ip3 
biregular to X. Since LC) y = wx = @,(-5 + 2 + a, + a3), Y is the zero scheme 
of a section of a rank two bundle on Ip3. Let y(@r) denote 0, H”(lP3, @r(n)) 
(= S(X), the homogeneous coordinate ring of X in ip”). As a module over 
S = k[X,, Xi, X2,-X,], y(Fp,) is generated by 1, X4, Xi, Xi ,..., but the 
equation f, = 0 says that ~(8~) has minimal generators 1 and X4. We have 
the relations fi = 0, f3 = 0, X4 f2 = 0, X4 f3 = 0. When we look at M(Y) = 
y(&$)/S(Y), we get the relations p2X4 = 0, p3 X4 = 0, (q2 -p, p2) X4 = 0, 
(q3 -p, p3) X4 = 0. Since any relation between 1 and X4 in y(@*) is an 
equation of a hypersurface through X in ip4, these are the only relations that 
X4 satisfies in M(Y) in these degrees. Further p2, p3, qz, q3 forms a regular 
sequence since any common zero Q in Ip3 gives a common line through 
(0, 0, 0, 0, 1) for the hypersurfaces f2 = 0, f, = 0, and hence Y would not be 
isomorphic to X. Since M(Y) corresponds to a rank two bundle and has only 
the generator X4, we have its resolution to be 
S(-a, - 1) @ S(-a,) @ S(-a, - 1) @ S(-a,) 
192,P,.43.P21 pS(-l)+M(Y)+O. 
483/86;1-3 
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Conversely suppose we take M in Proposition 3.1 to have the properties 
a = -1 (just shift grading), b, + b, = b, + b, = ci, and the further property 
that b, + b, = ci - 1, b, + b, = c, + 1. We claim the module arises as above. 
For the Koszul complex gives a minimal section of .??(-c,), hence a minimal 
section of 8(-c,). Thus we get a curve Y in ip3 as the zero scheme of this 
section, with 
Hence M(Y) = M has one generator in degree one, and this says that 
H”(lP3, or(l)) is five dimensional, with the algebra ~(8~) generated over S by 
two generators, 1 and, say, X,. Hence the embedding of Y by H”( Y, &( 1)) 
into Ip4 is projectively normal. In fact, Y is arithmetically Gorenstein and we 
may apply the structure theorem of Eisenbud-Buchsbaum [2] for Gorenstein 
ideals of codimension three. So the ideal of Yin Ip4 is the Pfafftan ideal of an 
odd-dimensional alternating matrix of homogeneous forms. As a module 
over S, Xi in y(&) is dependent on 1 and X,, hence this relationship gives a 
quadric hypersurface f, containing Y in Ip4. Hence the alternating matrix is 
either 5 x 5 or 3 x 3. Suppose it is 5 x 5. To get a quadric hypersurface, the 
matrix must have a 4 x 4 principal minor of linear forms. Hence the ideal of 
Y in Ip4 is generated by f, of degree two and four other polynomials fi, f3, 
f,, fs of the same degree b. Using f,, we may express fi as piX4 + qi, i > 2. 
In M(Y), these give relations piX4 = 0, which are the lowest degree relations 
in M(Y). So we may assume that b, = b, = -b, and that in the resolution for 
M, the image of S(b,) is pz and that of S(b,) is p4. Since b, = b, - 1, 
b, = b, - 1, out of the four relations pjX4 = 0, two are redundant, so we may 
assume that p3 = rp2 t sp4, r, s E k, for example. Hence f3 - rf2 - sf, is a 
polynomial in X0, X, , X2, X3 containing Y. This is a contradiction, since we 
may check from the resolution for B that H”(lP3, B(b)) = 0 
(b < -b, - bj - 1 for all distinct i and j, as b > 2), and hence H”(ip3, 
.4;(b)) = 0. Thus the only possibility is that the matrix is 3 X 3, i.e., Y is a 
complete inersection in ip4 of a quadric and two other hypersurfaces. 
EXAMPLE 3.5. We will consider mathematical instanton bundles on Ip3. 
These are stable rank two bundles B with c, = 0, such that H’(iP3, 
8(-2)) = 0. In characteristic zero, a theorem of Grauert-Mullich allows us 
to conclude that H’(P3, E”(1)) = 0 for all I< -2 (see article 7 in [ 11). Let 
M = Hi(B), and let H1(IP3, 8(-l)) be t-dimensional. Then M has a minimal 
resolution 
0 S(di) + &J S(b;) -+ S( 1)” 0 0 s(ai) + ~4 + 0, 
i=l 
where a, < 0. Hence bi < 9 as well. The condition of symmetry 
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Ly ‘v L,(-c,), with c, = 0, implies that each bi = 0, and by minimality, the 
terms S(ai) cannot exist. Thus we get 
0 S(di) -+ 2PZf+ 2 5 S(l)@’ + M -+ 0, 
and B is obtained from a sequence 
where .?’ = G, G = kernel A. Now H”(lP3, a(l)) = 0 if and only if H”(lP3, 
.y(l)) is t-dimensional, in which case B is the unique quotient of y by the 
image of @P(-l)of. In other words, a mathematical instanton bundle B with 
H”(P3, 8(l)) = 0 is the unique rank two bundle arising from its cohomology 
module M. 
We can construct bundles with H”(iP3, Z’(1)) = 0. Let Y be a smooth 
elliptic curve in P3 of degree t + 4. Since wy = P,,, Y is the zero scheme of a 
section of a rank two bundle X, with c,(X) = 4 and c,(K) = t + 4. (See [5, 
(4.3.3)], where this example is discussed.) If B =.ir(-2), we have the 
sequence 
0 + Pp(-4) -+ 8(-2) + ,4; - 0. 
B is stable if and only if 8 has no global sections, hence if and only if Y is 
not on any quadric surface. If t + 4 > 5, this is true [7, 111.5.6 and V.2.91, 
and so W is stable. Since H’(P3, r,,(Z)) = 0 for f< 0, 8 is a mathematical 
instanton bundle. Further H’(lF 3, a(l)) = 0 if and only if Y is not contained 
in a cubic surface. Ballico and Ellia [ 111 have proved the maximal rank 
conjecture [5, 4.3.41 for general elliptic curves in P’. In particular, an elliptic 
curve of degree 7 in P3 will not in general lie on a cubic surface. Hence the 
bundle so obtained is the unique bundle with that cohomology module when 
we choose Y to be a general elliptic curve of degree at least seven. 
EXAMPLE 3.6. Ellingsrud and Stromme have shown in [3] that stable 
rank two bundles with cr = 0 and c2 = 3 form two irreducible families of 
dimension twenty one. In particular, the modules M which arise from the 
instanton bundles with c2 = 3 (and they exist, since we may use elliptic 
curves of degree seven in the last example) depend on at most 21 parameters. 
Such modules A4 have a presentation 
The 8 x 3 matrix of linear forms depends on 96 parameters, and the 
automorphism groups of the free modules have dimensions 64 and 9. Hence 
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the isomorphism classes of modules of finite length with such a presentation 
depend on at least 96 - 64 - 9 + 1 = 24 parameters (the action of scalars is 
counted twice). Thus we see that the necessary conditions s = 2t + 2 and 
Ly = L,(-c,) are not sufficient for a module of finite length to arise as the 
cohomology module of a rank two bundle. 
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